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EIGENVALUE ESTIMATE ON COMPLETE NONCOMPACT
RIEMANNIAN MANIFOLDS AND APPLICATIONS

MANFREDO P. DO CARMO AND DETANG ZHOU

Abstract. We obtain some sharp estimates on the first eigenvalues of com-
plete noncompact Riemannian manifolds under assumptions of volume growth.
Using these estimates we study hypersurfaces with constant mean curvature
and give some estimates on the mean curvatures.

1. Introduction

Let M be an n-dimensional complete Riemannian manifold and let ∆ be Lapla-
cian operator on M(with the convention ∆ = d2

dx2 on R1). We recall that the first
eigenvalue λ1(D) for some bounded open domain in M is defined as the smallest λ
that satisfies

∆u + λu = 0 in D

for some non-zero function u on M with u|∂D = 0. The first eigenvalue of M is
defined by

λ1(M) = inf{λ1(D) : D ⊂ M is a bounded open domain}.
Let Ω ⊂ M be a subset of M . The first eigenvalue of M\Ω is defined by

λ1(M\Ω) = inf{λ1(D) : D ⊂ M\Ω is a bounded open domain}.
It is well known that λ1(Rn) = λ1(Rn\Ω) = 0 for any compact set in Rn. Cheng and
Yau [CY, Proposition 9] showed that λ1(M) = 0 if the manifold has polynomial
volume growth. But Cheng-Yau’s result doesn’t hold in the case of a manifold
punctured by a compact subset. That is to say, in general, λ1(M) 6= λ1(M\Ω) if
Ω 6= ∅, and this can be seen from the following example

Example. Let M = (R2, ds2), with ds2 = dr2 +g2(r)dθ2, where g(r) is a nonnega-
tive C2 function on [0, +∞) with g(0) = 0 and g(r) > 0 for all r > 0 and g(r) = e−r

when r > 1. It is easy to see that the volume of M is finite and thus λ1(M) = 0.
But we have that u(x) = e−

1
2 |x| is a positive solution of

∆u + λu = 0

on M\B(1) where B(1) is the unit ball and λ = 1
4 . Then λ1(M\B(1)) ≥ 1

4 . To see
this, we need to notice the fact [CY] that λ1(M\Ω) ≥ inf(−∆u

u ) for any positive
C2 function u on M\Ω.
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It is then a natural question to estimate λ1(M\Ω) and λ1(M) under various
volume growth conditions; for instance, can we give an estimate for λ1(M) when
the volume of the manifold grows exponentially? From the geometric viewpoint it
is often necessary to give an estimate of λ1(M\Ω). The problem arises naturally
in the study of unstable hypersurfaces with constant mean curvatures. In order to
explain some of our results we give some definitions here. Let x : Mn → M

n+1

be an isometric immersion of a complete, noncompact Riemannian n-dimensional
manifold Mn into an oriented, complete, Riemannian (n+1)-dimensional manifold,
N a smooth unit normal field along M , and Ric(N) the value of the Ricci curvature
of M

n+1
in the vector N . Here Ric(N) =

∑n
i=1 K(ei ∧ N) (this is different from

the normalized one). The index ind M of M is defined as follows. Let L be the
second order differential operator on M given by

L = ∆ + ‖B‖2 + Ric(N),

where ‖B‖2 is the second fundamental form of x. Associated to L is the quadratic
form

I(f) = −
∫

M

fLfdM,

defined on the vector space of functions f on M that have support on a compact
domain K ⊂ M . For each such K, define the index indL K of L in K as the
maximal dimension of a subspace where I is negative definite. The index indM of
L in M is the number defined by

ind M = sup
K⊂M

indL K

where the supremum is taken over all compact domains K ⊂ M .
In this paper, in section 2, we give a new oscillation result for a kind of second

order ordinary differential equation which is interesting for us. Using this, we
obtain some estimates of first eigenvalue on manifolds in section 3; we prove that
for example, λ1(M) ≤ a2

4 if the volume of ball B(r) is bounded above by Cear for
some positive constants C, and a. That is to say: the usual curvature conditions
for estimating λ1 can replaced by volume conditions which are weaker and more
general. Then in section 4 we give some applications to submanifolds. We assume
that vol(M) = +∞ and show that: If x has constant mean curvature H , ind M <
+∞ and the volume of M has subexponential growth, then there exists a positive
constant r0 > 0 such that for all r ≥ r0

H2 ≤ − 1
n

inf
M\B(r)

Ric(N),

and thus x has to be minimal if M
n+1

has nonnegative Ricci curvature. If the
volume of M satisfies vol(B(r)) ≤ Cear when r ≥ 0 for some positive constants C
and a, then there exists a positive constant r0 > 0 such that for all r ≥ r0

H2 ≤ a2

4n
− 1

n
inf

M\B(r)
Ric(N).

We also can use our results to give estimates for mean curvatures in higher codi-
mension.
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2. Oscillation theorem

We are here concerned with the oscillatory behavior of solutions of the following
second order ordinary differential equation:

(v(t)x′(t))′ + λv(t)x(t) = 0, t ≥ T0,(2.1)

where v(t) is a positive continuous function on [T0, +∞) and λ is a positive constant.
We call, as usual, equation (2.1) oscillatory if all solutions of (2.1) have arbitrary
large zeroes on [T, +∞); otherwise, we say equation (2.1) is nonoscillatory. The
literature on second order linear oscillation is voluminous (for references see, for
example, [W] and references therein). We will give an oscillation criteria in integral
form. There have been many criteria for oscillations of (2.1) in more general form,
but we didn’t find the result which is useful in our discussions below.

Theorem 2.1. Assume v(t) is a positive continuous function on [T0, +∞) and∫ +∞
v(τ)dτ = +∞. Then equation (2.1) is oscillatory provided either

(a) λ > 0 is a constant and V (t) =
∫ t

T0
v(τ)dτ ≤ Cta for some positive constants

C and a, or
(b) λ > a2

4 is a constant and V (t) =
∫ t

T0
v(τ)dτ ≤ Ceat for some positive constants

C and a.

Proof. Assume for the sake of contradiction that (2.1) is nonoscillatory; then there
exist a solution x(t) of (2.1) and a positive constant T > T0 such that x(t) > 0 for
any t ≥ T . Now we set

y(t) = −v(t)x′(t)
x(t)

.(2.2)

Then y(t) is well defined on [T, +∞) and satisfies the following Riccati equation:

y′(t) =
y2(t)
v(t)

+ λv(t).(2.3)

So y′(t) > 0, and y(t) is an increasing function on [T, +∞). We need to divide the
rest of the proof into two cases:

(i)
∫ +∞

T
dτ

v(τ) < +∞. In this case we know (2.3) implies y′(t) ≥ λv(t), so y(t) ≥
λ(V (t)− V (T )) + y(T ) is eventually positive, and we may assume y(t) > 0, for any
t ≥ T . By (2.3) we have, for any t ≥ T

y′(t) ≥ 2
√

λy(t),

y′(t)
y(t)

≥ 2
√

λ,

log
y(t)
y(T )

≥ 2
√

λ(t− T ),

y(t) ≥ y(T )e2
√

λ(t−T ).
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On the other hand,

y′(t)
y2(t)

≥ 1
v(t)

,

− 1
y(t)

+
1

y(t− 1)
≥

∫ t

t−1

dτ

v(τ)
,

1
y(t)

≤ 1
y(t− 1)

−
∫ t

t−1

dτ

v(τ)

≤ 1
y(T )e2

√
λ(t−T−1)

−
∫ t

t−1

dτ

v(τ)
.

(2.4)

We have

1 =
∫ t

t−1

dτ ≤
(∫ t

t−1

dτ

v(τ)

) 1
2

·
(∫ t

t−1

v(τ)dτ

) 1
2

≤
(∫ t

t−1

dτ

v(τ)

) 1
2

· (V (t))
1
2 .

So ∫ t

t−1

1
v(τ)

dτ ≥ 1
V (t)

.

If (a) is satisfied, we have from (2.4), when t is large enough,

0 <
1

y(t)
≤ 1

y(T )e2
√

λ(t−T−1)
− 1

V (t)

≤ 1
y(T )e2

√
λ(t−T−1)

− 1
Cta

< 0.

Thus we arrive at a contradiction.
If (b) is satisfied, (2.4) implies, when t is large enough,

0 <
1

y(t)
≤ 1

y(T )e2
√

λ(t−T−1)
− 1

Ceat

≤
[

C

y(T )e(2
√

λ−a)t−2
√

λ(T+1))
− 1

]
1

Ceat
< 0.

where we used the condition λ > a2

4 . We also get a contradiction.
(ii)

∫ +∞
T

dτ
v(τ) = +∞. Let

s(t) =
∫ t

T

dτ

v(τ)
.

Then s(t) → +∞ as t → +∞, and

dx

dt
=

dx

ds
· ds

dt
=

dx

ds
· 1
v(t)

.

So,

d

dt
[v(t)x′(t)] =

d

ds

dx

ds
· ds

dt
=

1
v(t)

· d2x

ds2
,
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and

d2x

ds2
+ λv2(t)x(s) = 0.(2.5)

Now observe that ∫ +∞

0

v2(t(s))ds =
∫ +∞

T

v2(t)
ds

dt
dt

=
∫ +∞

T

v(t)dt.

If
∫ +∞

T v(t)dt = +∞, from Fite [F, Theorem V] we know that (2.5) is oscillatory
and then (2.1) is oscillatory. Thus we have proved our theorem.

Remark 2.1. The condition in (a) of Theorem 2.1 can be weakened to V (t) grows
subexponentially, in the sense that

lim
t→+∞

log V (t)
t

= 0.

The reason for this can be easily seen in the proof of part (b).

Remark 2.2.
∫ +∞

v(τ)dτ = +∞ is necessary in Theorem 2.1. If v(t) = e−t, we can
see that x(t) = e

1
2 t is a positive solution of (2.1) on [1, +∞) with λ = 1

4 .

We prove here a theorem for the sake of completeness.

Theorem 2.2. If v(t) is positive, then any solution of (2.1) with initial value

x(T0) = x0, and x′(T0) = x1(2.6)

can be extended to [T0, +∞).

Proof. Assume that [t0, T ) is the maximal existence interval of (2.1) and (2.6) and
T is finite. Then limt→T |x(t)| = +∞. We may assume limt→T x(t) = +∞. Hence
there exists T1 such that x(t) > 0, on [T1, T ) and x′(T1) > 0. Since

(v(t)x′(t))′ = −λv(t)x(t) < 0,

x′(t) ≤ v(T1)x′(T1)
v(t)

,

x(t) ≤ x(T1) +
∫ t

T1

v(T1)x′(T1)
v(s)

ds

≤ x(T1) +
∫ T

T1

v(T1)x′(T1)
v(s)

ds < +∞

for any t ∈ [T1, T ). So, T = +∞.

3. Eigenvalue estimates

In this section we would like to use the oscillation result obtained in the previous
section to give some estimates on the first eigenvalue of punctured manifolds. Fix
a point p ∈ M and denote by B(r) = {x ∈ M, dist(x, p) ≤ r} and by V (B(r)) the
volume of the ball B(r).
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Theorem 3.1. Let M be a complete and noncompact Riemannian manifold with
infinite volume and Ω be an arbitrary compact subset of M . Then

(a) If V (B(r)) ≤ Cra for any r ≥ r0 and some positive constants C, r0 and a,
then λ1(M\Ω) = 0.

(b) If V (B(r)) ≤ Cear for any r ≥ 0 and some positive constants C and a, then
λ1(M\Ω) ≤ a2

4 .

Proof. Let v(r) denote the area of sphere ∂B(r). Then

V (B(r)) =
∫ r

0

v(t)dt.

If V (M) = +∞, then
∫ +∞

T
v(t)dt = +∞ for any constant T > 0. Since Ω is a

compact subset, we can find a constant T0 such that Ω ⊂ B(T0).
If the condition in (a) is satisfied, then from Theorem 2.1 for any λ > 0 there

exists a nontrivial oscillatory solution xλ(t) of (2.1) on [T0, +∞) with v(t) defined
here. Thus there exist two numbers T λ

1 and T λ
2 in [T0, +∞) such that T λ

1 < T λ
2 and

xλ(T λ
1 ) = xλ(T λ

2 ) = 0, and xλ(t) 6= 0 for any t ∈ (T λ
1 , T λ

2 ). Write r(x) = dist(x, p),
ϕλ(x) = xλ(r(x)) and Ωλ = B(T λ

2 )\B(T λ
1 ). It follows that

0 ≤ λ1(M\Ω) ≤ λ1(Ωλ)

≤
∫
Ωλ

|∇ϕλ|2dM∫
Ωλ
|ϕλ|2dM

=

∫ T λ
2

T λ
1
|x′λ(r)|2v(r)dr∫ T λ

2
T λ
1

(xλ(r))2v(r)dr

=
− ∫ T λ

2
T λ
1

(v(r)x′λ(r))′xλ(r)dr∫ T λ
2

T λ
1

(xλ(r))2v(r)dr

= λ.

Since λ is an arbitrary positive constant, λ1(M\Ω) = 0. This proves the part (a)
of our theorem.

If the condition in (b) is satisfied, then from Theorem 2.1 for any λ > a2

4 there
exists a nontrivial oscillatory solution xλ(t) of (2.1) on [T0, +∞) with v(t) defined
as in the beginning of the proof. Thus there exist two numbers T λ

1 and T λ
2 in

[T0, +∞) such that T λ
1 < T λ

2 and xλ(T λ
1 ) = xλ(T λ

2 ) = 0, and xλ(t) 6= 0 for any
t ∈ (T λ

1 , T λ
2 ). Write r(x) = dist(x, p), ϕλ(x) = xλ(r(x)) and Ωλ = B(T λ

2 )\B(T λ
1 ).

It follows that
λ1(M\Ω) ≤ λ1(Ωλ)

≤
∫
Ωλ
|∇ϕλ|2dM∫

Ωλ
|ϕλ|2dM

=

∫ T λ
2

T λ
1
|x′λ(r)|2v(r)dr∫ T λ

2
T λ
1

(xλ(r))2v(r)dr

= λ.

Since λ is an arbitrary positive constant larger than a2

4 , so λ1(M\Ω) ≤ a2

4 . This
proves the part (b) of our theorem.
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Corollary 3.2. Let M be a complete, noncompact Riemannian manifold with Ricci
curvature satisfying

Ric(x) ≥ −(n− 1)
1
4 − c

1 + r2(x)

outside some compact subset, where r(x) is the distance function from a fixed point
in M and c ∈ [0, (n+1)

2(n−1) ]. Then λ1(M\Ω) = 0 for any compact set Ω in M .

Proof. It follows from [CGT, Theorem 4.9] that the volume of the manifold is
infinite and grows polynomially. So the conclusion follows directly from Theorem
3.1.

The following corollary extends results due to Pinsky [P], Osserman [O] (n = 2)
and Gage [G] (arbitrary n). The last assertion is actually contained in [G] Corollary
5.5. The referee has called our attention to the fact that the full result is contained
in (2.19) of [T].

Corollary 3.3. Let M be a complete, noncompact Riemannian manifold with vol-
ume satisfying

V (r) ≤ Cear

where r(x) is the distance function from a fixed point in M and C, a are some
positive constants. Then λ1(M) ≤ a2

4 . In particular, if Ricci curvature is bounded
below by some negative constant −(n − 1)k2 outside some compact subset, then
λ1(M) ≤ (n−1)2k2

4 .

Proof. If V (M) < +∞, it follows from [CY, Proposition 9] that λ1(M) = 0. If
V (M) = +∞, from Theorem 3.1 we know λ1(M) ≤ a2

4 . Thus we have proved the
first part.

If Ric(x) ≥ −(n−1)k2 for any x ∈ M\BR(o), where BR(o) is some geodesic ball
with radius R and center o, then from the proof of Heintze-Karcher’s comparison
theorem [HK] applied to ∂BR1(o)\C1 where R1 > R and C1 is the cut locus of 0,
we have

V (r) ≤ Cne(n−1)k.

So this time a = (n− 1)k and the conclusion follows.

Remark 3.1. The bounds obtained in Theorem 3.1 can be attained in the case of
space forms. In (a) the volume condition can be replaced by subexponential growth
in the sense that

lim
r→+∞

log vol(B(r))
r

= 0.

By using the Ricci model introduced in [CrY] (see also [CGT]) we can obtain
some volume information from the Ricci curvature which can lead to estimates of
first eigenvalue. Here we give some special results. The following corollary follows
from Theorem 3.1 and a straightforward calculation of the volume.

Corollary 3.4. Let M = (Rn, ds2) with ds2 = dr2 + g2(r)dθ2 where dθ2 is the
standard metric on the sphere Sn−1 and g(t) is a C2 function on [0, +∞) satisfying
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g(t) > 0 as t > 0 and g(0) = 0, g′(0) = 1. Assume that

lim
t→+∞

log
∫ t

0
gn−1(s)ds

t
= a < +∞;

then λ1(M) ≤ a2

4

In the above corollary, if we choose g(r) = rer+sin r, then

lim
t→+∞

log
∫ t

0 gn−1(s)ds

t
≤ lim

t→+∞
log[e(n−1)(t+1) · 1

n · tn]
t

= n− 1,

so we have λ1(M) ≤ (n−1)2

4 . This time the Ricci curvature satisfies

Ric(x) = −(n− 1)
g′′(r(x))
g(r(x))

= −(n− 1)[sin r(x) + (1 + cos r(x))2 ] ≥ −5(n− 1),

and we can only get the estimate λ1(M) ≤ 25(n−1)2

4 which is not so good. Combin-
ing the analysis above and Remark 4.2 in [CGT] we obtain

Corollary 3.5. Let M be a complete, noncompact Riemannian manifold with Ricci
curvature satisfying

Ric(x) ≥ −(n− 1)[sin r(x) + (1 + cos r(x))2]

where r(x) is the distance function from a fixed point in M . Then λ1(M) ≤ (n−1)2

4

4. Some applications

I. In this section we give some applications of our eigenvalue estimates to geometric
problems. The first application is a generalization of a theorem in [AdC].

Theorem 4.1. Let x : Mn → M̄n+1 be an isometric immersion of complete Rie-
mannian manifold with infinite volume into an oriented, complete Riemannian
manifold. Assume x has constant mean curvature H, ind M < +∞ and the volume
of M has subexponential growth. Then there exists a positive constant r0 > 0 such
that for all r ≥ r0

H2 ≤ − 1
n

inf
M\B(r)

Ric(N).

Proof. From [FC] we see that if ind M < +∞, then there exist a compact set
K ⊂ M and a positive function u on M such that

0 = Lu = ∆u + ‖B‖2u + Ric(N)u on M\K.

We can find a positive constant r0 such that K ⊂ B(r0) and from Theorem 3.1
λ1(M\B(r)) = 0 for any r ≥ r0. By Lemma 2.3 of [AdC] we have

0 =λ1(M\B(r)) ≥ inf
(
−∆u

u

)
≥ inf

(M\B(r))
(‖B‖2 + Ric(N))

≥ inf
(M\B(r))

(nH2 + Ric(N)).

Since H is constant, we have proved our theorem.
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Remark 4.1. V (M) = +∞ is automatically satisfied when the mean curvature of M

is bounded and the ambient space M
n+1

has bounded geometry, i.e. sectional cur-
vature bounded from above and injective radius bounded from below by a positive
constant. This was proved in [Fr, Theorem 1 in Appendix].

Theorem 4.2. Let x : Mn → M̄n+1 be an isometric immersion of complete Rie-
mannian manifold with infinite volume into an oriented, complete Riemannian
manifold. Assume x has constant mean curvature H, ind M < +∞ and the volume
of M satisfies vol(B(r)) ≤ Cear when r ≥ 0 for some constant C and a. Then
there exists a positive constant r0 > 0 such that for all r ≥ r0

H2 ≤ a2

4n
− 1

n
inf

M\B(r)
Ric(N).

In particular, if Ric(N) ≥ a2

4 , then M has to be minimal. If RicM ≥ −(n − 1)k2

outside a compact set, then

H2 ≤ (n− 1)2k2

4n
− 1

n
inf

M\B(r)
Ric(N).

Proof. The proof of first claim is parallel to that of Theorem 4.1 and the rest can
be easily seen.

Corollary 4.3. In the above theorem, when the volume of M has subexponential
growth and M

n+1
= Hn+1(−1), then H2 ≤ 1.

II. If the growth of volume of M is specified and M is immersed in a ball of
some euclidean space, then the radius of the ball is bounded below by a number
depending on the volume growth and the mean curvature of the immersion. More
specifically,

Theorem 4.4. If Mn has subexponential volume growth and f(M) ⊂ B(o, ρ) ⊂
Rn+k for some o ∈ M and ρ > 0, then

sup
x∈M

|H(x)| > 1
ρ
.

If vol(B(r)) ≤ Cear and ρ < 2
√

n
a , then

sup
x∈M

|H(x)| > 1
ρ
.

Proof. Notice that for any C2 function f : Rn+k → R1, the Laplacian of the
restriction of f to M is given by

∆Mf = trM (D̄2f) + n〈H,∇Rn+kf〉Rn+k
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where H is the mean curvature vector. Assume that supx∈M |H(x)| ≤ 1
ρ . Define

u(x) = ρ2 − r2(x), where r(x) is the distance between x and o. Then

∆Mu(x) = −2n + n〈H,−2r(x)∇Rn+kr(x)〉Rn+k

≤ −2n + 2n|H(x)| · r(x)

= −2n

ρ
[ρ− r(x)]

≤ −2n

ρ
· 1
2ρ

[ρ2 − r2(x)]

≤ − n

ρ2
u.

It follows that λ1(M) ≥ n
ρ2 . Now the conclusion follows from Theorem 3.1 and

Remark 3.2.

The question of Calabi [EK] asks: is there a complete minimal surface in R3

which can be contained in some ball? Theorem 4.4 says that if a minimal surface
is contained in some ball, the volume growth can’t be too slow. We would like to
conclude this paper with the following remark.

Remark 4.2. Our method to prove Theorem 4.4 can be applied in more general
cases. It can be seen from the use of eigenvalue estimate results in this paper and
the computations of the Laplacians of some appropriate functions. Since the idea is
similar, we refer the interested readers to [Z] for some more detailed computations.
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